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Classical Shannon Entropy

Def: H(p) = — >, px log pk Shannon (1948)
Properties of multi-party systems:

Pos H(p) >0
SSA  H(A)+ H(B) — H(ANB) — H(AUB) >0
Mono  ACB = H(A) < H(B)

H(A) = H(pa) etc.
A, B, ... subsets of some index set X ~ [1,2,,...N]
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Quantum Entropy

Def: (1927) von Neuman Entropy of quantum state p
density matrix p >0, Trp=1

S(p) = -Trplogp =~ Aclog A
k

Props: 1) S(p) >0 2) S(p) concave
3) SSA for multi-party systems H = Ha @ Hg @ Hc

S(pasc) + S(ps) < S(pac) + S(pac)

Quant marginals or reduced density matrix pa = Trg pas

That’s all folks!
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Conditional information

Cond Info  S(pag) — S(pa) concave in pag

Cond Info always > 0 for classical systems
Can have quant um state |tag) = %(|OO> +11)) e Ha® Hp

PA = TI’B PAB = TFB |77Z)AB><"7Z}AB| = %/A max mixed
Cond Info =0 — log2 < 0 pag = |YaB) (¥ aB| pure
Cond Info neg for highly entangled quantum states

once thought “defect”; now has nice info theory interp.

conditional info is amount of info need to learn AB knowing A

when neg, measures entanglement available for future info trans

M. Horodecki, Oppenheim and Winter (2005 ) state merging
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Weak Monotonicity

pap = |¥ap){¥ap| pure = S(pa) = S(pp)
pure state is rank one projection op, /’E\D = pap >0
Purification: Given pagc can find vector [agcp) s.t
pasc = Trp [aBcp) (Y ascp|

Apply to SSA S(pag) + S(pec) — S(pasc) — S(ps) > 0
Equiv. ineq:  S(pcp) + S(psc) — S(pp) — S(pB) = 0

Weak monotonicity or “monogamy of entanglement”
Cond Info S(psc) — S(pr) and S(pcp) — S(pp) can't both be neg

Charlie can be entangled with Beverly or Dorothy, but not both
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Purification and Complementarity

Spectral decomp of pa = >, Ak|dk) (Pl
Let {6y} any O.N. basis for Hg ~ Ha
Def |vag) = >k V Ak |¢k) ® |0k) “purification”
p = Tralag)(Vasl = D, Ak|0k) (k| same spectrum as pa

vector |1)) € H and rank one proj |1)(1| both called “pure” state

identify class prob vector p, with diag D.M. p =", p«|ex)(ex|

can also “purify” class prob dist [1)ag) = Y, Pk|ex ® fx) quant state

Start with arbitrary s = ij ajk|ej ® fi)

Use Sing Val Decomp (aka “Schmidt”) vap = >, pkldk) © |0k)
non-zero evals of both pa and pg are u2 = S(pa) = S(pB)

Essentially AA* and A*A same non-zero e-vals
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Properties of quantum entropy

Some sense: Only one inequality, SSA

S(p) > 0 is really just normalization condition
most purposes only need consistency, Trag pag = Tr apa

But we need it to so that entropy vectors form cone

Have seen Weak Monotonicity is equiv, to SSA in quantum setting
Even concavity not indep: clever choice of block matrix
sub add S(pag) < S(pg) + S(pg) = concavity

similarly SSA = Cond Info concave in pag

But these are not linear implications, so will need to add something
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N-party Entropy Cones

p12..n  N-party state
consider all reduced states p1,p2,...,p12,---P37---P234 - - -

. . N .
fix order and generate vector in R?" from entropies

<5(,01), S(pz), . 5(,012), . 5(p37), . 5(p234), . ,)

closure of all such vectors is a convex cone — entropy cone

classical entropy cone ¢ quantum entropy cone

would like to characterize these cones, esp. quantum cones
Cone in R2" generated by half-planes from various inequalities
Shannon cone: Pos, SSA, Mono

YZ: Shannon Ent Cone O Classical Ent Cone for N > 3

=
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cones of entropy type vectors

A, B, ... subsets of some index set X ~[1,2,,...N]
J={A,C,D,...} setofsubstes JC={BcX:B¢J}

7C j—
Y,y and Z,(S closure of cone of N-party entropy vectors

rg  polymatroid  H(p) >0, H(AB) > H(A), SSA
I'ﬁ polyquantoid  S(p) > 0, weak mono, SSA
or  S(p)>0,SSA, and
quant marginals of (N + 1)-party states S(py) = S(p )
/\,f, and /\ﬁ add linear rank ineq to I',fl and Fﬁ
Can completely characterize /\f = Ff and Ingelton Ineq.

Don't know if ff satisfies non-Shannon inequalities
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mutual information
I(A:B)=S(A)+ S(B) — S(AB)
conditional mutual information

I(A: B|C) = S(AC) + S(BC) — S(C) — S(ABC)

Ingleton expression
ING(AB : CD) = I(A: B|C)+I(A: B|D)+I(C: D)—I(A: B)

SSA equivto I(A: B|C) >0
Ingleton inequality ING(AB: CD) >0

not universal — simplest “linear rank inequality”

Examples of “balanced” inequality — number of A, B, ... cancel out
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Group rank inequalities

Thm: (Chan-Yeung) There is a 1-1 correspondence between
entropy inequalities for classical N-party systems and
inequalities for the sizes of subgroups of groups.

Ex: SSA equivto |Gi| |G| < |G1N Gy - |G|

Pf Idea: Can find class prob dist with entropy of marginals log %

Subgroups with special properties, e.g., normal or abelian,

may satisfy additional inequalities

linear rank inequalities — sizes of subspaces of vector spaces
Ga and Gg normal = ING(AB: CD) > 0.

Ingleton is only linear rank inequality for 4-party systems
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non-Shannon inequalities

Classical N-party entropy cone satisfies non-Shannon ineq.
e Yeung-Zhang (1997-98) gave first t=1
e Dougherty-Freiling, Zeger (2006-+)

found new inequalities by computer search

e Matis (2007) found two infinite families t > 0 integer

tING(AB : CD)+I(A : B|ID)+* 2 [1(B : D|C)+I(C : D|B)] > 0

ING(AB : CD)+ positive terms > 0
= 4-party entropy cone not polyhedral
suggests don't yet know all classical 4-party inequalities

Know: Classical entropy cone described by Mono and balanced ineq
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Ingleton in Quantum Setting

Any of following conditions implies Ingelton inequality
a) pascp = [Yascp){(Yascp| is any pure 4-party state.

b) pascp = paBc ® pp of pa ® pBcD

c) pascp symmetric under partial exchange between
(A, B) and (C, D), under any one (but not two) of the
exchanges A< C, B+ D, A<~ Dor B+ C.

Ingleton Inequality not universal, but hard to find violations
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N-party linear rank inequalities

Kinser (2011) found first infinite family

DFZ (2010) found tree algorithm for generating all families

when pair of subsystems with “common information”

have form > + cx(cond mutual info) > /(A: B)

In group set up, pair of normal subgroups ~ “common info
Will show = all stabilizer states satisfy such ineq.

BUT Chan, Grant, Kern (2011) showed 3 linear rank ineq.
that are not multi-party Ingleton

suggests DFZ does not give all linear rank ineq.

don't know if stabilizer states would satisfy such ineq.

14 M. B. Ruskai Entropy of Stabilizer States



Common information

State pag of two subsystems A, B has common information if
Can add another party ¢ such that
H(AC) = H(A), H(BC)=H(B)and  H(C)=I(A: B)

corresponds to pair of normal subgroups in groups setting

BUT Chan, Grant, Kern (2010) showed 3 other linear rank ineq
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Main Result

Thm: Ingleton cone (Pos, SSA, WM, ING) for 4-party systems
is precisely the closure of the convex hull of entropy vectors that

arise from reduced states of 5-party pure stabilizer states.

Thm: Reduced states of (N + 1)-party stabilizer state satisfy every

N-party linear rank inequality from common information (DFZ).

Thm: (Indep by Gross and Walter) Every balanced classical
entropy inequality satisfied by reduced states of stabilizer states.
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Weyl-Heisenberg group

Generalized shift and phase operators on Cy

Xlex) = |exs1) Zley) = wlex) w = e2mi/d
XZ = wZX W group gen by X/ Zk
Center C = {w"1}k=01,..4—1 multiples of identity

W= W /C Abelian — rough prod X/Z* ignore phase

Consider unitary group on &),y Hx of form W = @), Wi
Stabilizer G Abelian subgroup of W
simultaneous eigenspace is Quantum Error Correction Code

Stabilizer state is simul eigenstate of max Abel subgroup G
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Stabilizer states

W; subgroup of U(H;) with center C; mult of | (e.g. Weyl-Heis)
W, = W;/G; Abelian with size d?  d; = dim ;.

Consider G max Abelian subgroup of W = ®j W;

Simultaneous e-vec of all g € G called a stabilizer state

Why are one-dim codes interesting? aka graph states,
Important role in one-way quantum computing  cluster state

Arise in mutually unbiased bases

Gy={g=ge gi=1 ke J} thinkofg=g®I
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Thm: (indep several group ~ 2004) p = |¢))(¢)| pure stab state

) c d
ps = Trsel) (1] proj of rank &1 = S(pJ)zlog‘Gi’
J

Cor: Since |G| = d = dd,e last eq. can be rewritten as

G
5(ps) = S(pse) = log el _ log d
|G|
log % is a group entropy and
JC

Additional terms cancel for any balanced inequality

Moreover stab group G Abelian = Ingleton holds

= Matis$ ineq. = Ingleton + pos terms hold
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Classical Balanced Inequalities

More parties — common info assoc with normal subgroups

= all DFZ type linear rnak inequalities hold

More = all balanced classical entropy ineq hold.

D. Gross and M. Walter (arxiv:1302.6902)
independently by different methods
Use phase space methods to find classical prob dist X
s.t. stabilizer states satisfy  S(py) = H(X,) — |J|

= all balanced classical ineq. hold
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Sketch Proof: part |

P = |¢){(¥] proj on simul e-state of G max Abel subgroup
gP = x(g)|v)(¥| = x(g)P x(g) character of 1-dim rep.

P=\w><w|=|§;‘zx(g)g=mlo|zg
geiG

g€Go

Go ~ G/C identify subgp Gy C G with quotient group

1 1
P? = —— h=— =P
G 2 28 = [ 28

Aside: trivial rep not essential P; = |¢j)<1/1j\ = ﬁ Zg yj(g)g
Tr PPy — [ {4y, i) |? = dik  O.N. basis of e-states
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Sketch Proof: part Il:

Suffices to consider bipartite setting

1
pas = |a)(VaBl = = > gags

‘G’ 82088€G

Trgg =0 unless gg =1

1 Gal (1
= dg = —/— | —
PA dads Z 8AdB da <\GA! Z gA>

8a®1p gAEGa
- 1Gal da
= pa proj of rank = S(pa) = Iogﬁ
A

subtle point |G| = d = dadg but ]6;\| # da
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4-party “Ingleton” cone — other direction

Can explicitly compute extreme rays of 4-party Ingleton cone

Show each ray can be realized using a 5-party pure stabilizer state
All but one in (2006) thesis of Ben Ibinson

DFZ methods give all 5-party linear rank inequalities

Conjecture also achieved with 6-party pure stabilizer states

Conj: All DFZ inequalities achieved with pure stabilizer states
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How to violate Ingleton

= = O O
= O = O
O O O =
= O O O
= = O O
= O = O

1]1000)(1000] + 7|0111)(0111| + +|0010)(0010| + 10001)(0001]|
ING(AB:CD)=0+0+0-1/(A:B)<0
“quantumize”  |¢)) = %(;1000) + |0111))

paBcp = 3|¥) (Y] + $/0010)(0010| + £/0001)(0001|
same reduced states as classical

Challenge: Find truly quantum state that violates Ingleton
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Open questions

e All entropy vectors which violate Ingleton in classical cone??
e Do new classical entropy ineq extend to quantum systems?
e What inequalities characterize quantum entropy cone?

e Do stabilizer states satisfy linear rank inequalities that do not
arise from common info ?

e Find an explicit example of such an inequality.

e Do all classical inequalities have form

linear rank ineq + pos terms > 07

e How much of a restriction are new inequalities, i.e.,

relative size of true entropy cone and Shannon or vonNeuman cone
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